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Abstract
Let p be a prime, and let G be a compact p-adic analytic group with semisimple associated
Qp-Lie algebra. We prove that any two isomorphic closed subgroups of G have the same
index. In particular, a just-infinite compact p-adic analytic group contains a pair of open
subgroups of different indices that are isomorphic to each other if and only if it is virtually
abelian. Within the category of compact p-adic analytic groups, this gives a positive answer
to a question of C. Reid.
Introduction
Throughout, let p be a prime. A pro-p groug G is said to be powerful if p > 3 and [G,G] 6 Gp, or
p = 2 and [G,G] 6 G4. A finitely generated torsion-free powerful pro-p group is called uniform.
In his seminal paper Groupes analytiques p-adiques [Laz65], M. Lazard obtained the following
algebraic characterization of p-adic analytic groups: a topological group is p-adic analytic if and
only if it contains an open uniform pro-p subgroup (see [DDMS03, Theorems 8.1 and 8.18]).
With every uniform pro-p group U one can naturally associate a Zp-Lie lattice LU . The Qp-Lie
algebra associated with a compact p-adic analytic group G is defined as L(G) := LU ⊗Zp Qp,
where U is an open uniform pro-p subgroup of G.
The following theorem is the main result of this paper.
Theorem 1 Let G be a compact p-adic analytic group, let L(G) be the Qp-Lie algebra associated
with G, and assume that L(G) is semisimple. If H and K are two isomorphic closed subgroups
of G then |G : H| = |G : K|.
A profinite group is said to be index-unstable if it contains a pair of isomorphic open sub-
groups of different indices; otherwise, it is said to be index-stable. This definition was introduced
by C. Reid in [Rei10], where he also raised the following question, which is still open.
Question 2 Let G be a (hereditarily) just-infinite profinite group which is index-unstable. Is
G necessarily virtually abelian?
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Recall that a profinite group G is said to be just-infinite if it is infinite, and every non-trivial
closed normal subgroup of G is of finite index. A just-infinite profinite group G is hereditarily
just-infinite if every open subgroup of G is just-infinite.
The following corollary gives a positive answer to Question 2 within the category of p-adic
analytic groups.
Corollary 3 Let G be a just-infinite compact p-adic analytic group. Then G is index-stable if
and only if it is not virtually abelian.
Question 2 was motivated by the study of commensurators of profinite groups, in the spirit
of Y. Barnea, M. Ershov and T. Weigel [BEW11]. Let us recall briefly some relevant definitions.
A virtual automorphism of a profinite group G is an isomorphism between two open subgroups
of G. Two virtual automorphisms of G are said to be equivalent if they agree on some open
subgroup of G. Given two virtual automorphisms, one can define their composition up to equiva-
lence by composing suitable equivalence-class representatives. With respect to this composition,
the equivalence classes of virtual automorphisms of G form a group Comm(G) which is called
the commensurator of G. In [BEW11], a topology is defined on Comm(G), called the strong
topology, so that it becomes a topological group Comm(G)S . The virtual center of G is defined
to be VZ(G) = {x ∈ G : CentG(x) is open in G}. If VZ(G) = {1} then Comm(G)S is locally
compact; in this case, Comm(G)S is said to be unimodular if its modular function is trivial, or
equivalently, if the Haar measure is both left and right invariant.
Suppose that U and V are isomorphic open subgroups of G. Given an isomorphism θ : U →
V , let ι(θ) = |G:U ||G:V | ; note that this is invariant under equivalence. Hence, given φ ∈ Comm(G),
one can define ι(φ) as ι(θ) for any θ that represents φ. This yields a function ι : Comm(G)→ Q+,
where Q+ is the multiplicative group of positive rationals; this function is called the index ratio.
If the virtual center of G is trivial then the index ratio turns out to be the modular function for
the strong topology. Moreover, it is not difficult to see that if G is a just-infinite profinite group
then VZ(G) = {1} if and only if G is not virtually abelian.
The following result is a direct consequence of Corollary 3 and the above discussion.
Corollary 4 Let G be a just-infinite compact p-adic analytic group. If G is not virtually abelian
then Comm(G)S is unimodular.
Solvable just-infinite p-adic analytic pro-p groups are irreducible p-adic space groups; in
particular, they are virtually abelian (cf. [KLP97]). Hence, they contain many pairs of open
subgroups of different indices that are isomorphic to each other. In contrast, by [KLP97, Lemma
III.11], an unsolvable just-infinite p-adic analytic pro-p group G has the remarkable property of
not being isomorphic to any of its proper closed subgroups. C. Reid generalized this result to all
profinite groups by proving that a just-infinte profinite group G that contains an open proper
subgroup isomorphic to G is virtually abelian (see [Rei10, Theorem E]). The following corollary
shows that within the category of compact p-adic analytic groups a much stronger result holds.
Corollary 5 Let G be an unsolvable just-infinite p-adic analytic pro-p group. Then G is index-
stable.
Open pro-p subgroups of p-adic Chevalley groups form a rich source of unsolvable (hereditar-
ily) just-infinite p-adic analytic pro-p groups; for n > 2, the first congruence subgroup SL1n(Zp)
2
of SLn(Zp) and its open subgroups are typical examples of such groups. More generally, given a
simple finite dimensional Qp-Lie algebra L, any open pro-p subgroup of Aut(L) is an unsolvable
(hereditarily) just-infinite p-adic analytic pro-p group (see [KLP97, Proposition III.9]). More-
over, given an unsolvable just-infinite p-adic analytic pro-p group G, there is a semisimple Qp-Lie
algebra L such that G is an open subgroup of Aut(L) (cf. [KLP97, Section III.9]).
By [GK09, Proposition 6.1], every solvable just-infinite pro-p group other than Zp has torsion.
Thus, a non-procyclic torsion-free just-infinite p-adic analytic pro-p group must be unsolvable.
Hence, we can deduce the following result, which is the correct formulation of [NS19, Conjec-
ture 2.10].
Corollary 6 Let G be a non-procyclic torsion-free just-infinite p-adic analytic pro-p group.
Then G is index-stable.
Next, we observe that Theorem 1 relies on its Lie-algebra counterpart, which is an interesting
result on its own. By definition, a Zp-Lie lattice is a Zp-Lie algebra the underlying module of
which is finitely generated and free. A Zp-Lie lattice L is said to be index-stable if for any pair
M and N of isomorphic finite-index subalgebras of L we have |L :M | = |L : N |.
Theorem 7 Let L be a Zp-Lie lattice, and assume that L ⊗Zp Qp is semisimple as Qp-Lie
algebra. Then L is index-stable.
An n-dimensional Zp-Lie lattice L is said to be just infinite if every non-zero ideal of L has
dimension n. The following corollary proves (the correct formulation of) [NS19, Conjecture 2.9].
Corollary 8 Let L be a just-infinite Zp-Lie lattice, and assume that dimL > 1. Then L is
index-stable.
Finally, we remark that Corollary 5 and Corollary 8 have applications to the study of self-
similar actions of hereditarily just-infinite p-adic analytic pro-p groups using the language of
virtual endomorphisms (cf. [NS19]).
1 Proofs of the main results
In this section we prove Theorem 1, Theorem 7, Corollary 3 and Corollary 8.
Proof of Theorem 7. Let L := L ⊗Zp Qp and fix a Zp-basis {a1, ..., ad} of L. Then, clearly,
{a1, ..., ad} is a Qp-basis of L. Let κ : L × L → Qp, defined by κ(x, y) = tr(ad(x)ad(y)), be
the Killing form of L. Denote by A the matrix representing κ with respect to the given basis;
in other words, A = (Aij), where Aij = κ(ai, aj) for 1 6 i, j 6 d. Since L is a semisimple Lie
algebra over a field of characteristic 0, by Cartan’s criterion [Jac62, Page 69] we have that κ is
a non-degenerate bilinear form; in particular, det(A) 6= 0. Let {m1, ...,md} be a Zp-basis of M ,
and let ϕ :M → N be an isomorphism of Zp-Lie lattices. Then {ϕ(m1), ..., ϕ(md)} is a Zp-basis
of N . Let B = (Bij) and C = (Cij) be the change-of-basis matrices defined by mj =
∑
iBijai
and ϕ(mj) =
∑
iCijai. Note that [L : M ] = p
vp(det(B)) and [L : N ] = pvp(det(C)), where vp is
the p-adic valuation (one way to prove this claim is to recall that there exist a basis {bi} of L
and non-negative integers {ki} such that {p
kibi} is a basis of M ; similarly for N ; cf. [Gri99,
Lemma 10.7.2]). The matrices of κ with respect to the bases {mi} and {ϕ(mi)} are B
TAB and
CTAC, respectively. Since the automorphism of L induced by ϕ preserves the Killing form,
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BTAB = CTAC. Taking the determinant on both sides, and recalling that det(A) 6= 0, we see
that vp(det(B)) = vp(det(C)), and the theorem follows. 
Proof of Corollary 8. Since L is a just-infinite Zp-Lie lattice of dimension greater than 1, it
is not difficult to see that L⊗Zp Qp is a simple Qp-Lie algebra. Hence, the corollary follows from
Theorem 7. 
A Zp-Lie lattice L is called powerful if [L,L] ⊆ pL for p odd, or [L,L] ⊆ 4L for p = 2.
With a uniform pro-p group G one may associate a powerful Zp-Lie lattice LG in the following
way: G and LG are identified as sets, and the Lie operations are defined by
g + h = lim
n→∞
(gp
n
hp
n
)p
−n
, [g, h]Lie = lim
n→∞
[gp
n
, hp
n
]p
−2n
= lim
n→∞
(g−p
n
h−p
n
gp
n
hp
n
)p
−2n
.
On the other hand, if L is a powerful Zp-Lie lattice, then the Campbell-Hausdorff formula induces
a group structure on L; the resulting group is a uniform pro-p group. If this construction is
applied to the Zp-Lie Lattice LG associated with a uniform group G, one recovers the original
group. Indeed, the assignment G 7→ LG gives an isomorphism between the category of uniform
pro-p groups and the category of powerful Zp-Lie lattices (see [DDMS03, Theorems 4.30 and
9.10]). Recall that every compact p-adic analytic group contains an open subgroup that is a
uniform pro-p group ([DDMS03, Corollary 8.34]). As we already mentioned in the introduction,
the Qp-Lie algebra associated with a compact p-adic analytic group G is defined as L(G) :=
LU⊗Zp Qp, where U is an open uniform pro-p subgroup of G (see [DDMS03, Section 9.5]). A key
invariant of a p-adic analytic group G is its dimension as a p-adic manifold, denoted by dim(G).
Algebraically, dim(G) can be described as d(U), where U is any uniform open pro-p subgroup
of G and d(U) denotes the minimal cardinality of a topological generating set for U .
Proof of Theorem 1. Let H and K be two isomorphic closed subgroups of G. If one of these
subgroups, say H, has infinite index in G, then dim(H) < dim(G). Hence dim(K) < dim(G),
and therefore |G : K| is infinite as well. Since G is virtually pro-p, it is not difficult to see that
|G : K| and |G : H| coincide as supernatural numbers.
Now suppose that H and K are open subgroups in G. Let ϕ : H → K be an isomorphism,
and let U be an open uniform subgroup of G; note that, since G is compact, U is of finite index
in G. Let UH be a uniform open subgroup of H. Then UK := ϕ(UH) is a uniform open subgroup
of K. Moreover, |H : UH | = |K : UK |. Choose a positive integer p
m such that VH := (UH)
pm
and VK := (UK)
pm are contained in U ; by [DDMS03, Theorem 3.6], VH and VK are uniform. Let
LU be the Zp-Lie lattice associated with U . Then the Qp-Lie algebra associated with G is given
by L(G) = LU ⊗Zp Q, which is semisimple by assumption. Since UH and UK are isomorphic,
we have that VH and VK are isomorphic open uniform subgroups of U . This implies that LVH
and LVK are isomorphic Zp-Lie lattices of LU of finite index. By Theorem 7, |LU : LVH | = |LU :
LVK |. Hence, by [DDMS03, Proposition 4.31], |U : VH | = |U : VK |. Clearly, this implies that
|G : VH | = |G : VK |. Now, since |H : UH | = |K : UK | and |UH : VH | = |UK : VK |, it follows that
|G : H| = |G : K|, as desired. 
Proof of Corollary 3. Clearly, if G is virtually abelian then G is index-unstable. Suppose that
G is not virtually abelian. By [Gri00, Theorem 3.6], a just-infinite profinite group is either a
branch profinite group or it contains an open normal subgroup which is isomorphic to the direct
product of a finite number of copies of some hereditarily just-infinite profinite group. Note that
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G cannot be a branch profinite group since, by [DDMS03, Theorem 8.33], G is of finite rank
(that is, there exists a positive integer d such that every closed subgroup of G can be generated
topologically by at most d elements). Hence, G contains an open normal subgroup H which
is isomorphic to the direct product of a finite number, say k, of copies of some hereditarily
just-infinite uniform pro-p group U ; in particular, H is uniform. Note that if U is solvable
then U is isomorphic to Zp, and consequently G is virtually abelian, which is a contradiction.
Hence, U is an unsolvable hereditarily just-infinite uniform pro-p group. By [GK09, Proposition
F], the associated Qp-Lie algebra L(U) = LU ⊗Zp Qp is simple. Thus, the Qp-Lie algebra
L(G) = LH ⊗Zp Qp associated with G is semisimple, since it is isomorphic to the direct sum of
k copies of L(U). Now Theorem 1 yields that G is index-stable. 
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